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Abstract. We give an explicit description of L-packets and quadratic 
base change for depth-zero representations of ramified unitary groups 
in two and three variables. We show that this base change lifting is 
compatible with a certain lifting of families of representations of finite 
groups. We conjecture that such a compatibility is valid in much greater 
generality. 



1. Introduction 

Given a finite Galois extension E/F of local fields and a reductive alge- 
braic -F-group G, "base change" is, roughly, a (sometimes only conjectural) 
mapping from (packets of) representations of G = G{F) to those of G{E). 
This mapping is essentially the same as the Shintani lifting (as introduced 
in [l3] and extended in [1911211 [23ti27] for finite groups) in those cases in 
which both are known to exist (see [51 fTUl[221[5nHD] ^ . 

Correspondences like base change that are associated to the Langlands 
program can be difficult to describe explicitly, even in cases where they are 
known to exist. However, the Bernstein decomposition of the category of 
smooth representations of G gives rise to a partition of the set of irreducible 
admissible representations, and one hopes that base change is compatible 
with this partition. More specifically, given a Bushnell-Kutzko type [TT] 
that is conjecturally associated to a piece of this partition, there should 
be a corresponding type for a piece of the corresponding partition of the 
representations of G_{E). The work of Bushnell and Henniart [TnHSHH] 
provides evidence for such a compatibility when G = GL(n); and Blasco [6] 
addresses the case of positive-depth representations of t/(3). 

Depth-zero representations are particularly interesting, since they are 
associated to cuspidal representations of finite groups. One can then ask 
whether base change for depth-zero representations is compatible with base 
change for finite groups. In the situation we consider in [T] and the present 
article, there is indeed such a compatibility. 

To state this relationship, we briefly recall some notation. Let kp and 
kp denote the residue fields of F and E. Given a point x in the building 
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of one has an associated parahoric subgroup G^. C G{F). This is a 

compact open subgroup, whose reductive quotient is the group of rational 
points of a connected reductive kp-group Thus, given a representation 
cr of G^^kp), one can inflate to obtain a representation infl(fT) of Gx- If G 
is the restriction of scalars Re/fQ. of then one similarly has a parahoric 
subgroup Gx ^ G = G{E), whose reductive quotient is G^ikp)- If E/F is 
unramified, then = Rk^/kF^xi so this last reductive quotient is equal to 
Gxikp). 

If K is a compact open subgroup of G{F) and p is a smooth representation 
of K, then we will say that a representation vr of G{F) contains the pair 
{K, p) if the restriction 7r|/^ contains p. We will say that vr has depth zero if 
vr contains a pair of the form (G^, infl((T)), where o" is an irreducible, cuspidal 
representation of Gx{kF)- It makes sense to refer of depth-zero L-packets, 
since one expects that either all or none of the representations in a given 
L-packet will have depth zero. 

Conjecture 1.1. Suppose E/F is an unramified extension of local fields, 
and there is a base change lifting HCp/p that takes L-packets for G{F) to 
L-packets for G{E). Let 11 denote a depth-zero L-packet for G{F), and 
let vr G n. Suppose that vr contains (G^,, infl((T)), where a is an irreducible, 
cuspidal representation oiGx{kp). Then some representation vf G BCp/p{lVj 

contains (G^;, infl(BCfc^/fc^ (a))), where BCfc^/^^ is the base change lifting 
associated to the extension kp/kp and the kp-group G^. 

If E/F is quadratic, and G is a unitary group in two or three variables 
defined with respect to E/F, then Rogawski [IQ] has shown that a base 
change lifting exists, and has derived some of its properties. The main 
theorem of [IJ can be briefly stated as follows: 

Theorem 1.2. Conjecture \1.1\ is true when E/F is unramified quadratic, 
and G is a unitary group in 2 or 3 variables defined with respect to E/F. 

In order to prove this theorem, we had to make several assumptions. 

We assumed {kpl > 59, but only to avoid some technical complications. A 
weaker hypothesis is probably sufficient. In order to be able to make use of 
Rogawski's construction of the quadratic base change lifting for U{2, 1), |40j, 
we assumed that F has characteristic zero. We also needed to assume that 
base change for unitary groups in two and three variables, as well as various 
endoscopic transfers, preserve depth, at least for depth- zero L-packets. 

In the present paper, we consider the case where E/F is ramified. Now 
the problem is completely different, since we no longer have that G^, = 

Rks/kpG^- 

Conjecture 1.3. Suppose E/F is a cyclic, tamely ramified extension of 
local fields, and there is a base change lifting BCp/p that takes L-packets 
for G{F) to L-packets for G{E). Let 11 denote a depth-zero L-packet for 
G(F), and let vr E 11. Suppose that vr contains (G^, infl(cr)), where a is an 
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irreducible, cuspidal representation of G^ikp). Then some representation 
TT £ BCe/f(^) contains (G^, infl(cr)) for some irreducible representation a 
of Gx{kp) contained in l{cr). 

Here, £{a) is a collection of representations of Gx^kp) that arises via a 
certain lifting (which we will later call the e-lifting) of representations of 
finite reductive groups. When E/F is unramified, £ is compatible with the 
base change lifting BCj^b/Aif- "^^^ case where E/F is ramified quadratic and 
G is a unitary group in 2 or 3 variables gives rise to liftings for several finite 
groups. In the 3-variable case, we describe these liftings explicitly in ^ We 
prove basic properties of I in general elsewhere (see [2]). 

Our main theorem is the following: 

Theorem 1.4. Suppose Hypothesis \1.5[ Conjecture \1.3\ is true when F has 
characteristic zero, the order ofkp is greater than 3 and not equal to 7, E/F 
is a totally and tamely ramified quadratic extension, and G is the quasisplit 
unitary group U{2,l)p/p associated to E/F. 

However, we go somewhat farther, describing base change explicitly for 
each depth-zero L-packet for U{2,l)p/p (see 

As in m, we assume that F has characteristic zero only so that we can 
apply results of Rogawski [ID]. Our calculations apply equally well if F is a 
function field of characteristic more than 3. 

In order to prove the theorem, we need to assume the following. 

Hypothesis 1.5. All representations within an L-packet have the same 
depth. Considering unitary groups with respect to a totally, tamely ramified 
quadratic extension E/F, the following endoscopic transfers, defined with 
respect to a depth-zero character (see §4.8 of [40]), take depth-zero (resp. 
positive-depth) L-packets to depth-zero (resp. positive-depth) L-packets. 

• from (^7(1,1) X C/(1))(F) to [/(2,1)(F); 

• from (^7(1) X ^7(1) x U{l))iF) to (?7(1,1) x U{1)){F). 

Note that we do not include quadratic base change for {7(1,1)(F) or 
U{2, 1){F) (as defined in [30]) among the transfers listed above. 

We can leave out the quadratic base change lifting from U{1,1){F) to 
GL(2, E) because we have just received a work of Blasco [7J that describes 
this base change. In particular, Theoreme 4.5 loc. cit. implies that depth is 
preserved in the above sense. 

The quadratic base change lifting from U{2, 1)(-F) to GL(3, E) is not in- 
cluded in the hypothesis because all depth zero representations of U (2, 1)(F) 
are obtained via parabolic induction from a maximal torus or via transfer 
from (C/(l, 1) X U{1)){F). As a result, the base change lifts of depth-zero 
L-packets of ^7(2, 1)(L) can be expressed in terms of the base change lifts of 
associated packets of these simpler groups (see Propositions l7.H 17.31 and l7.4p 
for which depth-zero preservation is known. (For unramified U{2, 1), this is 
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not the case, and therefore in [Ij, the above assumption had to be made for 
the base change hfting for U{2, i){F) as well.) 

More generally, one expects that base change will multiply depth by the 
ramification degree of E/F (see |3.2] ) . but we do not need such a strong 
statement here. 

We expect that other correspondences of representations can be made 
more explicit by examinations of compact open data. For example, Silberger 
and Zink [44j have made the Abstract Matching Theorem [51118^139] explicit 
for depth-zero discrete series representations, and Pan [37j has shown that 
the theta correspondence for depth-zero representations is compatible with 
that for finite groups. 

The structure of this article is as follows. In ^ we present our notation, 
as well as some basic facts about Bruhat-Tits buildings and restriction of 
scalars. We fix a choice of nonarchimedean local field F. In ^ we review the 
general notion of Shintani lifting for reductive groups over local and finite 
fields. Given a quasi-semisimple automorphism e of a finite reductive group, 
we also describe the corresponding e-lifting of (families of) representations. 
In 21 we fix a ramified quadratic extension E/F, an associated ramified 
unitary group G = C/(2, 1), and a particular F-automorphism e of G = 
Re/fQ-- We discuss the structure of these groups. We also describe the 
reductive quotients of the stabilizer groups of points in the Bruhat-Tits 
building of G and classify their representations. We then use this to describe 
the representations of G_{F) of depth zero. 

In ^ we give an explicit description of the depth-zero L-packets for 
ramified unitary groups in two variables, as well as their base change lifts to 
GL(2, F). There are two reasons to do so. First, in order to describe explicit 
base change for all representations of C/(2,l) (not just of depth zero), one 
would need to understand depth-zero base change for these smaller groups, 
since they arise in the constructions by J.-K. Yu [48] and S. Stevens |47j of 
positive-depth supercuspidal representations. Second, some of our under- 
standing of base change for depth-zero representations comes via endoscopy, 
and [7(1, 1) x U{\) is an endoscopic group for C/(2,l). In order to handle 
the case of the anisotropic group {7(2), we must assume the existence of a 
Jacquet-Langlands-like correspondence between depth-zero, discrete-series 
representations of C/(l, 1) and those of U{2). Conjecturally, such a corre- 
spondence is determined by the theta correspondence between U{2) and 
{7(1,1). See 

In ^ we explicitly determine the depth-zero L-packets and A-packets 
for G_{F). Certain ^-packets and L-packets of G have size 2 and contain 
both a supercuspidal and a non-supercuspidal representation. Such packets 
are parametrized by certain (Weyl equivalence classes of) characters A of 
the diagonal torus of C/(2, \){F). Proposition [63] completely determines the 
relationship between the two representations in such packets, and this is 
sufficient for the verification of this case of Theorem ll.4l in ^ In particular, 
an understanding of the explicit dependence of the elements of such a packet 
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on the character A is not required. For completeness, we provide such a 
description anyway in Proposition 16. 61 The proof, which we do not include 
here, involves computations of the values of certain irreducible characters of 
SL(2, fci;') on unipotent elements. 

In ^ we determine the base change lift of each of the depth-zero packets 
of G{F). In ^ we verify that the types of the representations in a given 
packet are related to those of the base change lift of the packet according to 
Theorem 11.41 

The authors thank James Arthur, Martin H. Weissman, and Wee-Teck 
Gan for helpful conversations; an anonymous referee for useful comments; 
and the National Security Agency (1198230-07- 1-002) and the National Sci- 
ence Foundation (DMS-0854844) for partial support. 

2. General notation and facts 

Given a field K, we will denote its algebraic closure by K. We will gen- 
erally use underlined letters to denote algebraic groups, and corresponding 
ordinary letters to denote groups of rational points, where the field of ratio- 
nality will be clear from the context. For any algebraic K -group H_, we will 
let H_° denote the connected component. 

We will say that an element /i of ^ is e-semisimple if he is a semisimple 
element of the semidirect product H_ » (e). Let h be such an element, and 
let C_ be the fixed point group of Int(/i) o e in I^. Then we will call h £ H 
e-regular (resp. strongly e-regular) if C° (resp. C_) is a torus. If e is trivial we 
will drop the e in the above terminology. Note that h is e-regular if and only 
if he is a regular element of ^ xi (e) . Let H^~^^^ denote the set of e-regular 
elements of H. If e is trivial, this is just the set IP^^ of regular elements of 
H. 

Given a finite-order i^T-automorphism e of an algebraic i^-group H_, we will 
say that two strongly regular elements g,h £ H are e-conjugate (resp. stably 
e-conjugate) if /i = xge{x)~^ for some x in H (resp. H(K)). 

Let G be an algebraic K -group, and let L/K be a finite extension. Let 
G = Rl/k{G), the algebraic i^T-group obtained from G via restriction of 
scalars from L to K. Then G{K) can be identified with G{L). Moreover, 
G is L-isomorphic to the direct product G x ■ ■ ■ x G of [L : K] copies of 
G. We will be interested in the case where L/K is cyclic. In this case, let l 
be a generator of Gal{L/K). Then G is equipped with a iiT-automorphism 
e whose action on G_{K) corresponds to that of l on G{L). Moreover, the 
fixed-point group G can be identified with G. 

If L/K is a quadratic extension, we let U{1,L/K) denote the kernel of 
the norm map i?^/x(GL(l)) GL(1) of iiT-groups given by x i— > xe{x), 
where e is the automorphism of Ri/j^{GJj(l)) corresponding to the nontriv- 
ial element of Gal(L/i^). We will sometimes denote U{1, L/K){K) by L^ 
when K is understood. 
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For any reductive algebraic group G defined over either a finite or nonar- 
chimedean local field K, we have the following notation and terminology. 
(Here we use G to denote the group of rational points of G.) 

• £{G) will denote the set of irreducible representations of G. 

• 1g will denote the trivial representation of G. 

• Stc will denote the Steinberg representation of G. 

• For any representation cr of a subgroup H of G, ind^ a will denote 
the representation of G obtained from a via normalized compact in- 
duction. If a is irreducible, then will denote the central character 
of a. 

• For any admissible, finite-length representation tt of G, let 6.,^ denote 
the character of tt, considered either as a function on the set of 
elements or conjugacy classes of G (of C'^s in the local-field case), 
or as a distribution on an appropriate function space on G. 

• Suppose £ is an automorphism of G. Then e acts in a natural way 
on the set of equivalence classes of irreducible, admissible represen- 
tations of G. Suppose TT is such a representation and tt = '^tt. Let 
7r(e) denote an intertwining operator from tt to ^tt. If e has order 
£, then we can and will normalize 7r(e) by requiring that the scalar 
7r(e)^ equal 1. Then 7r(e) is well determined up to a scalar ^th root of 
unity. The e-twisted character of tt is the distribution 07r,£ defined by 
^■K,e{f) = Tr(7i"(/)7r(e)) for / G C^{G), the space of compactly sup- 
ported, locally constant functions on G. As with the character, the 
twisted character can be represented by a function (again denoted 
^vr.e) on G (G^"'"^s in local-field case), or on its set of e-conjugacy 
classes. 

• A class function f : G ^ C will be called stable if it is constant on 
every stable conjugacy class of G. 

• A locally constant function f on G will be called an e-stable class 
function, or simply e-stable, if f{x) = f{y) for all x,y E G such that 
y = gxe{g)~^ for some g G G{F). 

• For any maximal iC-torus T of a K -group G, let W{T, G) denote the 
quotient of T in its normalizer in G, and let Wk{T_,G) denote the 
group of if-points of the absolute Weyl group Nq{T)/T_. 

Now fix a nonarchimedean local field F of residual characteristic p. For 

any algebraic extension E/F, let Oe denote the ring of integers o{ E, 
the prime ideal in O^, and /cg = Oe/Pe the residue field. Let qe denote 
the order of He- Let | • \e denote the absolute value on E, normalized so 
that primes in Oe have absolute value q^^. In the case E = F,we will drop 
the subscripts E above. For any abelian extension E/F, let coe/f denote 
the character of F^ associated to E/F by local class field theory. 

Let G denote the complex dual group of G. The L-group of G is the 
group ^G = G X Wf, where Wf is the Weil group of F. We note that if 



DEPTH-ZERO BASE CHANGE FOR RAMIFIED {/(2, 1) 



7 



G = R^/pG, then the dual group of G is the direct product of [E : F] copies 

of G, and we have a natural diagonal embedding of ^G in ^G. 

For every reductive algebraic F-group G, and every algebraic extension 
E/F of finite ramification degree, one has an associated extended affine 
building B{G,E), as defined by Bruhat and Tits ^[9]. As a G{E)-set, 
B{G,E) is a direct product of an affine space (on which G°{E) acts via 
translation) and the reduced building B^'^'^{G, E), which depends only on 
G/Z, where Z is the center of G. Note that Z_{E) fixes B'^'^iG^E). The 
building B{G, F) always has a natural embedding into B{G,E). To every 
point X E B{G,E), there is an associated parahoric subgroup G{E)x of 
G{E). The stabilizer stahQ(^E^{x) of x in G{E) contains G_{E)x with finite 
index. 

The pro-p-radical of Gx is denoted and the quotient siahG{x)/Gx+ 
is the group G^,' of rational points of a reductive kp-grow^i G^.. The quotient 
Gx/Gx+ is the group G° of rational points of (G^)°. (Note that it is more 
common to use G^ to denote what we are calling G°.) 

More generally, one could deal with parahoric subgroups of G{E), and 
could form the quotient stahQ(^E-^{x)/G{E)x+, which is isomorphic to the 
group of rational points of a reductive A;£;-group that we will for the moment 
denote (we will not need this notation later). Note that if E/F is 
unramified, then Gf' = Rk^/kpO-x^ ^o that G^ = G^{kE)- Moreover, we 
may identify F with Gal{kE/kp), and the resulting actions of F on G^ and 
on G^{kE) are the same. But when E/F is ramified, the situation is more 
complicated. See ^4.21 for examples. 

These objects do not depend specifically on x. Rather, they depend on 
the facet J- in B{G,E) containing x. Thus, we will feel free to replace x by 

in the subscripts above. In case G° is a torus, the building contains only 
one facet, and we may write Go, Go+, and G instead of Gx, Gx+, and G^, 
since the latter are independent of the choice of x. 

In general, given an i?-group and a point or facet in the building, we will 
use sans-serif lettering to denote the corresponding A;£;-group. 

Suppose E/F is a Galois extension, and let F = Gal(E/F). If E/F is 
tamely ramified, then by Corollary 2.3 of [l8|, the group of fixed points 
(G^)'" for the action of F on Gf' is equal to G^,. 

Let T be an F-torus. If a character A of T is trivial on To+, we let A 
denote the corresponding character of T = Tq/Tq-^^. 

Following the notation in [ID] , if T is an F-torus in G, let Dg (T./ ^) denote 
the kernel of the natural map H^{F,T) — > H^{F,G). 

If G is a connected reductive fep-group, T is a maximal fc-torus in G, 
and ^ is a (complex) character of T, then let RjO denote the corresponding 
Deligne-Lusztig virtual character of G [17J. 

Given a surjection A — > B between abstract groups A and B, and a rep- 
resentation p oi B, we can pull back (or "inflate") p to form a representation 
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of A, denoted mfi{p). Whenever this notation is used, the surjection will be 
clear from the context. 

3. Liftings 

3.1. Norm mappings and Shintani lifting. Let ^ be a connected re- 
ductive group defined over a field K, and let e be a i^-automorphism of 
of finite order i. One can define a norm mapping N— from H to H hy 

h^h-e{h) s^-^{h). 

We note that if elements h and h' in H_{K) are e-conjugate, then N^{h) 
and N^{h') are conjugate in H_{K). Thus the norm gives a map from the 
set of e-conjugacy classes in H_ to the set of conjugacy classes in H_. 

Suppose is abelian, and let C_ = {Hf)° be the identity component of 
the group of e-fixed points of H_. Then N— gives an F-homomorphism from 
H to C_. For any character A of C, define the lifted character A of -ff by 
A = A o N—. Note the abuse of notation in this definition — the group C does 
not, of course, determine or e. However, whenever we use this notation, 
H and e will be clear from the context. 

Now suppose L/K is a finite cyclic extension of degree i of local or finite 
fields. Let t be a generator of Gal{L/K). As in ^ let G be a connected 
reductive X-group and G = Rl/kQ.- Let e be the X-automorphism of G_ 
corresponding to t. Under various conditions (for example, if G_ is quasi- 

G 

split and has a simply connected derived group), the map A'^^ determines 

G 

an injective map J\f = Mj^i^. from the set of stable, strongly e-regular e- 

conjugacy classes of G to the set of stable, strongly regular conjugacy classes 
in G. 

If n and n are finite sets of irreducible (smooth if K is local) represen- 
tations of G and G, respectively, we say that H is the Shintani lifting H 
if 

0n,e(5) = 0n(AA(<7)) 

for all g G Q^-^'^s g £ G in the finite-field case) , where 0n and @^ ^ 
are nontrivial stable (resp. e-stable) linear combinations of the characters 
(resp. e-twisted characters) of the elements of H (resp. H). Note that, at least 
in the p-adic case, it is easily seen that the Shintani lifting is independent 
of the choice of generator l. 

In most cases, one expects the Shintani and base change liftings to co- 
incide, although exceptions to this are known (see [29] and [IHl §13.2]). 
Rogawski has shown that this is indeed the case for all irreducible smooth 
tempered representations of quasisplit p-adic unitary groups in two and three 
variables gUl §11,13]. 
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3.2. A related lifting for representations of finite groups of Lie 

type. For a connected reductive /c-group JH, let JH* denote the dual /c-group. 
The dual group is not canonical, but no statement we make will depend 
on its explicit realization. There is a canonical one-to-one correspondence 
between the rational conjugacy classes of maximal A;-tori of JH and those 
of JH* [15, Prop. 4.3.4]. Let T be a maximal fc-torus of JH and let T* be a 
maximal /c-torus of JH* whose rational conjugacy class corresponds to that 
of T. We will say that T and T* are k-dual to each other. Once a fixed 
embedding of A;^ in is chosen, we may identify T* with the group of 
characters of T. 

By work of Lusztig [33j and Digne-Lehrer- Michel [20], the set of ir- 
reducible representations of H can be partitioned into a collection of families 
iS(g-)(H), called rational series, parametrized by semisimple conjugacy classes 
(s) in H*. The set 1^(5) (H) consists of those elements of <S(H) whose charac- 

|_| 

ters occur in a Deligne-Lusztig virtual character RfX^ where T is a maximal 
fe-torus of JH that is A:-dual to a maximal A;-torus T* of JH* containing s, and 
X is the character of T that corresponds to s G T*. 

Now, as in let G denote a connected reductive fc-group, and e a 

/c-automorphism of G. We will assume that e is quasi- semisimple, meaning 
that £ fixes some pair (^O'Xo) consisting of a Borel subgroup Bg of G and 
a maximal torus Tq of Bg. Let G = (G )° denote the connected part of 
the group of e-fixed points in G. From [461 Corollary 9.4] or [30^ Theorem 
1.1. A(l)], G is reductive. Let T C G denote a maximal A;-torus, and let T 
denote the centralizer of T in G. Then from [30^ Thm. l.l.A], T is a maximal 
fc-torus in G. 

The maximal fc-tori T and T determine, up to /c-conjugacy, maximal fc-tori 
T* and T in the dual groups G* and G , respectively. The map n'^: T — > T 
determines a map A'^^^ ~, : T — > T . 

Theorem 3.1. There is a map 

N* : {semisimple conjugacy classes in G*} 

— > {semisimple conjugacy classes in G*} 
that is compatible with the maps N*^ ~, in the sense that if s € T* , then 

N^^^^.{s)eM*{{s)). 

Thus, we have a lifting of families of irreducible representations from G 
to G: 

£{s)iQ ^ '?Ar*((s))(G). 

We will refer to this as the e-lifting. 

We will prove Theorem 13.11 elsewhere [2]. We will also refine the e- 
lifting by showing in many cases one can lift subsets of i5(s)(G) to subsets of 
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^Af*{{s))i^)- For now, note that if the character of an irreducible represen- 
tation TT of G appears in RfX^ then the character of the e-Hfting tt of vr is 

G T 

contained in where X = X ° 

4. Unitary groups in three variables 

4.1. Specific notation. We wiU assume from now on that the characteristic 
of the nonarchimedean local field F is zero and the residual characteristic p is 
odd. Let F denote a fixed algebraic closure of F. Let w denote a uniformizer 
of F. Let E and E' denote the two ramified quadratic extensions of F in 
F. Then kE = ks' = k. Fix uniformizers we and zue' for E and E' 
(respectively) such that w'^ = w"^, = w. Also, fix a character Q of E'^ 
extending ojeif that is trivial on 1 + p^;. Note that there are two such 
characters. Let i denote the generator of L := Gal(S/-F). For any extension 
L/F, we have an action oi l ovl E ® L given by x (8) y i— > l{x) ® y. 

Let e' be the F automorphism of Re/fGL{3) corresponding to l. Let 

^ = (? i D ^ GL(3,F) C {Re/fGH3)) (F). 

From now on, let G denote the group of fixed points in Re/fGL{3) of the 
automorphism e : x i-^ Int(<I>)(*e'(x)~^), where *y denotes the transpose of 
the matrix y. Then G is the unique (up to isomorphism) unitary group 
C/(2, 1) in three variables over E/F, and G is isomorphic to i?£;/^GL(3). 
For any extension L/F, we can and will explicitly realize G{L) as the group 

{g e GL{:i, E ^ L) \ g<^\i{g)) = <!>}, 

where the action of l on GL(3, E ® L) is coordinatewise. Then the action of 
e on GL(3, E L) is given hy g ^ <I>*i(5)~^^>~^. 

Let _Z denote the center of G_. So, following our notational conventions, 
Z_ can be identified with the center of G, and Z is the reductive quotient of 
Z. Note that, since Z is isomorphic to E^ , Z has only two elements. 

Let B = B{G,F) and B = B{G,F). Then B can be identified with 
B{G, E), and the action of e on ;B corresponds to the action of i on B{G, E). 
Thus from [51] we may and will identify the set of fixed points B^ with B. 

For any i^-group Q for which the norm map is defined, let = M^^p. 
When Q = G, we simply write M. 

There is a unique homomorphism G GL(1) that agrees with the usual 
determinant map on G. Given any algebraic subgroup 5 of G, we will 
denote by det^ the restriction of this homomorphism to S. We will omit the 
subscript when it is clear from the context. 

Since G is -F-quasisplit, it contains F-Borel subgroups. In particular, 
B must contain some e-invariant apartment A with more than one e-fixed 
point. Choose an e-fixed point y in an e-invariant minimal facet in A and 
an e- invariant alcove in A such that the closure of J- contains y. Let 
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J- denote the set of e-fixed points of T . Then these choices determine an 
F-Borel subgroup S together with a Levi factor M of 5. Note that M is 
isomorphic to x . We may assume that our choices of y and T are 
such that B is the group of upper-triangular matrices in G, M is the group 
of diagonal matrices, and Gy is GL(3, Oe)- 

The boundary of T contains two points: the previously chosen point y, 
and another point that we will denote z. Note that T is the direct product 
of a one-dimensional affine space and an e-invariant equilateral triangle A in 
the reduced building of G_ (which we will identify with a subset ofB),y is the 
£-fixed vertex of A, and z is the midpoint of the wall of A that is opposite 
y. In B, y and z are both special vertices, but neither is hyperspecial. 

Let By (resp. B^) denote the Borel subgroup of (resp. G^) determined 

Let be the subgroup of G whose L-rational points (for any extension 
L/F) consist of those matrices of the form 

(0*0) C GL(3,S(g)L). 

V * * / 

Then ^ is a Levi factor of a parabolic F-subgroup P. Let H_ denote the 
group GnG. Note that is isomorphic to Re / fIL- We have that H_ is an 
£'-Levi, but not F-Levi, subgroup of G. It is an endoscopic group for G, 
isomorphic to a direct product of Z = U{1,E/F) and the i^-subgroup 
of H_ consisting of matrices of the form 

/ * * \ 

010. 
V* */ 

We note that is a quasi-split ramified unitary group in two variables. 

4.2. Reductive quotients of stabilizers and their representations. 

For us, Gj. will always mean the reductive quotient of G corresponding to 
the point x G B{G, F), rather than, say, the restriction of scalars RkE/kp^i 
though these are the same when E/F is unramified. For x equal to either 
of the points y or z, or the facet T in between them, we will compute Gj, 
and describe its irreducible representations. 

4.2.1. The group Gy. Recall that Gy is the group GL(3, O^). Explicitly, 

Gy is the stabilizer in GL(3, ii^) of the lattice C = Oe ® Oe © Oe inside 
V = E^. Then Gy+ is the sub group of elements whose image in GL{C/-!X'eJ~') 
is trivial. Thus, with our identifications, Gy = GL(C/weC) = GL(3, /c). The 
action of e is given by 5 1-^ $(*(7~^)<I>~^, so G^ = 0(2, 1)(A;), the orthogonal 
group determined by the symmetric form whose matrix with respect to the 
standard basis is and G° = S0(2, 1)(A;). In particular, G^^ = G° x Z. 

We now briefly classify the irreducible representations of Gy. Since any 
such representation is of the form r (g) 1/ for some representation r of G° and 
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one of the two characters u olZ, we turn our attention to the irreducible rep- 
resentations of G°. Since S0(2, l)(/c) is isomorphic to PGL(2,A:), represen- 
tations of G° correspond to representations of GL(2, k) having trivial central 
character. The following classification is easily derived from [45t Chapter 
VIII]. 

The group M.° embeds in the Borel subgroup B^^ of G° . If x is a character 

of M°, then the induced representation indg" x is irreducible except when x 
extends to a character xo of G° (i.e., when x has order dividing 2). In this 
case, the induced representation is the sum of xo and Stcg -Xo- 

The remaining representations are cuspidal of the following form, lil/k is 
a quadratic extension, then G° contains an elliptic torus T = U{\, l/k). For 
any character x of T of order greater than 2 (i.e., x with trivial stabilizer 
in VFa:(T, G°)), we have a cuspidal Deligne-Lusztig representation of G° of 

degree g — 1 whose character is —Rj'x- We note that Rj'x = Rj^x' if and 
only if x' = x"^^- 



4.2.2. The group G^. The group Gz is the intersection of the stabilizers in 
GL{3,E) of two lattices: C := Oe®Oe®weOe, and C" := Oe®weOe® 
weOe- Explicitly, we have 



Gz = GL(3,^)n 



Oe Oe Pe 
X>E Oe Oe 
Pe Pe Oe 



and G 



z+ 



1 + 



Pe Oe Oe ' 
Pe Pe Oe 
P| Pe Pe . 



In particular, G^ = GL(2, k) x GL(1, k). Note that e acts on the first factor 
via g ^ g/ det(g(), and on the second factor via g i— > g~'^. Thus, Gz — 
SL(2, A;) X {±1}, and G° = SL(2,A;). As in the case of Gy, we have Gz = 
G° X Z. Note that here the factor Z = {±1} embeds as the group of scalar 

matrices in G^, not as the group ^ i) ' 

As in the case of the vertex y, an irreducible representation of Gz can be 
expressed in the form t ® where r is an irreducible representation of G° 
and V \s a, character of Z. The representations of G° are as follows. 

If X is a character of M, then the representation indg^ x is irreducible 
unless X has order dividing 2. In this case, the representation is a sum of 
two irreducible components. If x is trivial, then these components are 1 and 
Stc, while if x has order 2, then the components i9 and {}' each have degree 
('? + l)/2. 

Again, G° contains an elliptic torus T = C/(l, l/k). For any character x of 

T of order greater than 2, we have a cuspidal Deligne-Lusztig representation 

G° G° G° 

of G° of degree q—1 whose character is —Rj'x- As with Gj^, -Rj^x = -^j^x' 

if and only if x' = X^^ ■ The remaining (cuspidal) representations of G^ are 

G° 

the two degree-((/ — l)/2 components of — i?j^x when x has order 2. 
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4.2.3. The group Gjf. The group Gjr is the standard, upper-triangular Iwa- 
hori subgroup of GL(3, so Gjr is the reductive quotient of the upper- 
triangular Borel subgroup of G^. Therefore, 



We may thus write G^ = G^r x Z. The representation theory of Gjr is 
elementary. 

4.3. Maximal tori. Up to stable conjugacy, there are four families of max- 
imal tori of G. According to the classification in 0^ , they are isomorphic 
to: 



m^O) Re/f{GL{1)) X U{1,E/F), 

U{1,E/F) X U{1,E/F) X U{l,E/F), 

Rk/p{U{1,EK/K)) X U{1,E/F) for K ^ E a quadratic extension 



(Ii3]-3) Rk/f{U{1,EK/K)) for K a cubic extension of F. 

Note that all maximal tori of G are elliptic except for those of type (|4.3t -0). 

4.3.1. A torus of type ). Up to conjugacy, H_ contains two i^-tori in 

the family (j4.3H ) (see [lOl §3.6]). Let C_ be the maximal F-torus of whose 
group of F-points G consists of those matrices 7 of the form 



where 7^ G E^. The group C_ is of type (I4.3H ). and we identify G with 
X X E^ via the map 7 (71,72,73)- The Weyl group W{G,G) 
(resp. W{G, H)) acts on G by permuting the 7^ (resp. 71 and 73) transitively. 
We note that C_ is an endoscopic group of H_. 

4.3.2. Ramified quadratic tori. Up to conjugacy, H_ contains one F-torus of 
type (143^ 2) with K = E' (see 001 §3.6]). Let S be the maximal F-torus of 
H such that the group of F-points S consists of those matrices of the form 



group Gal{EE' / E). Then 5 is a torus of the above type and S C stabG(^)- 
Moreover, the group S = S° x {±1} C G^ is isomorphic to U{l,l/k) x {±1}, 
where / is a quadratic extension of k. 

Proposition 4.1. The group G contains exactly two F-conjugacy classes 
of F -tori of type ^.3\ -2) with K = E' . There exists a torus S_' C G of this 
type such that S' fixes the vertex y. Moreover, S_' is stably conjugate but not 
F-conjugate to S_. 




and 




of F 





14 



JEFFREY D. ADLER AND JOSHUA M. LANSKY 



The first statement follows from [40 ^ §3.6]. To establish the existence of 
5', one can use the construction of Morris [341 §1]. We omit the details. 

We will need the following lemma concerning the values of characters of 
S° at regular elements. We leave the elementary proof to the reader. 

Lemma 4.2. Let x o>nd ip he nontrivial characters ofS°, a cyclic group of 
order q+1, and suppose that the order of x is greater than 2. Let X denote 
the set of all s G S° with 7^ 1. Let m be any map from X — > to {±1}. 

(i) The function x + cannot vanish at every element of X if q > 3. 
(a) The functions X^X~^ o,nd — cannot agree on all of X if q 7^ 7. 
(Hi) If x + = '0 + "0""^ on X, then x = i^^^ ■ 

(iv) If x~^ = m ■ {t/j + on X, then x = "^^^fJ-) where /x has order 

dividing 2. If, in addition, the range of m is {±1} and q> 1, then /x 
is nontrivial. 

(v) The functions x + X""*^ o-f^d rmp cannot agree on all of X. 

4.3.3. Ramified cubic tori. Let K be the extension of F obtained by adjoin- 
ing a cube root vjk of zui? in F, and let T be an F-torus of type (14.31 -3) 
associated to K. Then by [40, §3.6], T is the unique such torus up to con- 
jugacy. Let K' = EK = E{zuk'), where wk' is the uniformizer tue/'cur of 
K'. Then T ^ keriV^,/^ and f ^ {K'Y . 

We will realize the latter isomorphism (and the hence the torus T) ex- 
plicitly by specifying that it take a + bwx' + cw\, (a, b,c £ E not all 0) 
to 



We note that under this isomorphism, the action of e on T corresponds 
to the action a 1-^ L{a)~^ on (K')^ , where we view i as the generator of 
Gal{K'/K). It is easily checked that T C stabg(.F). Hence T C stabG(.^) 
so To is a subgroup of both Gy and Gz. 

Lemma 4.3. For x = y or z, the image ofT^ in is the unipotent radical 



Principal series of G. For A G Hom(M, C^), there exist unique characters 
Ai G Hom(F^,C^) and A2 G Hom(F\C^) such that 



where a £ E^ and (3 £ E^. By [28j, ind^ A is irreducible except for in the 
following cases: 




The proof is a straightforward calculation. 



4.4. Depth-zero representations of G. 



(4.4.1) 




(I43PS-1) Ai 



±1 

E 
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(IiapS-2) Ail^x =uje/f\-\f 

(|4.4P S-3l Ai is nontrivial and Ai|px is trivial. 

We note that in cases (14.4P S-1) and (I4.4P S-2). changing the sign of 
the exponent has the effect of changing A into one of its conjugates under 
the action of the Weyl group. Thus, the choice of exponent can affect the 
representation ind^ A, but not its set of irreducible constituents. 

In case ()4.4P S-1). ind^ A has two constituents: the one-dimensional rep- 
resentation ■0 = A2 o det, and the square-integrable representation St^ -ip. 

In case ()4.4P S-2). ind^ A also has two constituents: a square-integrable 
representation '7r^(A) and a non-tempered unitary representation 7r"'(A). 

In case (|4.4P S-3). ind§ A decomposes into a direct sum tti{X) © vr2(A). 

By f36], ind§ A has depth zero if and only if A has depth zero. Hence, 
in each of these cases, A2 is a character of E^/{E^ H (1 + p^;)) = {±1} so 
there are only two possibilities for A2. Thus in case (I4.4P S-1). there are 
only two Weyl group orbits of characters A, hence four distinct constituents 
of principal series: two characters of G and two special representations. 

In case (I4.4P S-2). there are two possibilities for Ai|^x . Since Ai is trivial 
on 1 + p£; and /F^{1 + Pe)\ = 2, there are four possibilities for Ai on 
, hence four Weyl group orbits of characters A. Therefore, there are four 
distinct representations vr^(A) and four distinct 7r"'(A). 

In case (I4.4P S~3). Ai must equal ojk/e-, where K/E is unramified qua- 
dratic. Thus there are two possibilities for A, and these characters are not in 
the same Weyl group orbit. Therefore, there are two distinct representations 
7ri(A) and two distinct vr2(A). 

Supercuspidal representations of G. Since G has no non-minimal proper par- 
abolic subgroups, the remaining depth-zero irreducible representations are 
supercuspidal. Any such representation has a unique expression of the form 
ind^g^jj^^^-) o", where x is either y or z, and a is the inflation to stshcix) 
of a cuspidal representation of G^. We can write the latter representa- 
tion as a ® V for some character of Z and some cuspidal representation 
a of G° (see ^4.2.11 and ^4.2.2p . Based on the classification of such cuspi- 
dal representations (see ^4.2p . we have the following kinds of supercuspidal 
representations of depth zero: 

(j4.4B C-l) ind^abcCj/) ^'^^^^ is a cuspidal representation of G^^. 
(j4.4B C-2) ind^j^jj^^^-j cr, where a is a cuspidal representation of G^ of degree 
q-l. 

(j4.4B C-3) ind^abcCz) '^'^^^^ cr is a cuspidal representation of Gz of degree 
{q - l)/2. 

As discussed in §4.2^ the representation a of G° {x = y or z) is a compo- 
nent of a cuspidal representation arising via Deligne-Lusztig induction from 
a regular character x of an elliptic torus in G° . We note that this torus can 
be taken to be S° if x = z and (S')° if x = y. In case (I4.4B C-3). x is the 
character (p of 5° of order 2. 
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4.5. Base Change and Endscopic Transfers. In [40j, Rogawski estab- 
lishes the base change transfers of L-packets from H to H and from G to 
G associated to the natural embeddings and ^G_ — > ^G, respec- 

tively. In addition, a certain L-homomorphism ^H_ — > ^G_ (resp. — > ^H) 
is associated to any character q of E"^ extending uje/f (see jlQl §4.8.1]), and 
a corresponding transfer of L-packets from H to G (resp. G to H) is estab- 
lished. Let (resp. '^h) denote this transfer of L-packets in the particular 
case q = Q. 

Due to the particular form of these L-homomorphisms, the Langlands 
philosophy suggests Hypothesis 11.51 which we are assuming throughout. 

5. Description of depth-zero L-packets and explicit base 
change for unitary groups in two variables 

In this section we describe the L-packets for the quasi-split group = 
U{1, 1)(L') (defined with respect to the Hermitian form whose matrix is ( 5 J ) 
as well as their base change lifts to GL(2,L'). 

We do the same for the group H}{F), where H} denotes the L-anisotropic 
inner form of H^. One can realize H}{F) explicitly as the compact unitary 
group U{2), defined with respect to the Hermitian form whose matrix is 

(o where e is a nonsquare unit in . Note that H_ (F) = H_ (F) = 
GL(2,S). 

We note that this explicit description of base change implies that the ana- 
logue of Theorem 11.41 holds for unitary groups in two variables, although we 
omit the verifications as they are entirely analogous to (but less complicated 
than) those for U{2, 1). 

RecaU that H = x Z. For every subgroup L of G, let LP denote the 
subgroup of obtained by projecting LriH_ onto the component of H_. 

5.1. Depth-zero L-packets of C/(l,l). The L-packets of are the or- 
bits of PGL(2, F) on the set of equivalence classes of irreducible admissible 
representations of 001 §11.1]. We first describe the principal series L- 
packets. 

Let A G Hom(M°,C^) = Hom(L;^,C^). According to gOl §11.1], the 
principal series ind^o A is irreducible except in the cases 

(1) Mf^=\-\V 

(2) X\px = loe/f- 

In the first case, ind^o A has two constituents: the one-dimensional rep- 
resentation ip = fi o det j:^o , where /x is the character of E^ satisfying /x o 

M^^^'^Iex = A| • l^^^"^', and the representation St^o -ip- In the second case, 
ind^o A decomposes into a direct sum 7ri(A) © 7r2(A) of irreducible represen- 
tations. By [36], ind^o A has depth zero if and only if A has depth zero. 

The principal series L-packets of G are as follows \40i §11.1]. (Here A and 
ijj denote one-dimensional representations of and H^, respectively.) 
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(1) {ind^o A}, where ind^o A is irreducible; 

(2) {V'}; 

(3) {St^o •V'}; 

(4) {7ri(A), 7r2(A)}, where ind;^o A is reducible of the second type de- 
scribed above. 

The remaining irreducible representations and L-packets of are super- 
cuspidal. The depth-zero supercuspidals of have a unique expression of 
the form ind|^o cr, where a is the inflation to of an irreducible cuspidal 
representation fi of = SL(2, fc). Note that since = G° the results of 
§4.21 on G° apply to H'', as well. Therefore, we have the following kinds of 
supercuspidal representations of H^. 

dSTBC-l) indg^ cr, where fj is a cuspidal representation of of dimension 
q-1. 

(I5TBC-2) indg^ a, where o" is a cuspidal representation of of dimension 
('?-l)/2. 

It is easily checked that PGL(2, acts trivially on the equivalence class 
of any supercuspidal of the form (jS.lB C^l). hence these representations are 
elements of L-packets of size 1. On the other hand, if e is a nonsquare unit 
of F^, then (g ?) exchanges the two classes consisting of representations of 
the form (|5.1B C-2). Thus has one depth-zero supercuspidal L-packet of 
size 2. 

5.2. Base change lifts for [7(1, 1). By [40l §11.4], the base change lifts of 
principal series L-packets of are as follows. Let A € Hom(M'^,C^), and 
let A denote the character of lifted from A (see §3.ip . 

(i) If indgo A is irreducible and ind^Q A is irreducible, then the base change 
lift of the L-packet {ind^o A} is ind^° A. 

(ii) If ind^o A is irreducible but ind^° A is reducible, it must be the case 
that X\px = I \^^ujE/Fy ^-nd the base change lift of the L-packet 
{indfo A} is (a| II'/') odet~o. 

(iii) If X\px = I • 1^^, let ip be the one-dimensional representation ^uodetji^o, 
where o AA^^-'^^l^x = A| • |^^^^. Then the lift of the L-packet con- 
sisting of the constituent ip (resp., the constituent Stjjo -ip) of ind^o A 

~ =pl /2 

is the one-dimensional constituent ip = {M ' \e ) ° det^^o (resp., the 
constituent St^o 'i') of ind^,, A. 

(iv) If A|^x = iOp/p, then the lift of the L-packet {7ri(A), 7r2(A)} is ind-^g A. 

Now let n be the supercuspidal L-packet comprising the two representa- 
tions of the form (j5.1B C-2). 

Using Hypothesis [T3] and a process of elimination, it can be checked that 
n is the transfer via Hj^ from the endoscopic group of the character 
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ip = 1 (j) of C = E X E , where (p is the nontrivial depth-zero character 
of E^ of order 2 (see [IHl §11.1]). The torus M is i/'^-conjugate to the torus 
C, say C = ^M, where h £ H^. It follows from [40, Prop. 11.4.1(a)] that 
the base change hft of IT is the representation 

(indf~o ^) ■ (f^-'odet^o), 

where (p is the character of C hfted from (p. Note that there are two possible 
choices for Q, but up to equivalence, this lift does not depend on the choice. 

We now discuss the base change lifts of the singleton depth-zero super- 
cuspidal L-packets. Let p be a depth-zero supercuspidal representation of 
arising from a cuspidal representation cj of of degree q — 1. Then (as 

|_|0 

in the case of G°), 9^ = —Rj^x for some regular character x of S . Since 

~o ~ §0 

the character x of S lifted from x via is in general position, there is 

a cuspidal representation a of such that % = —R^qX- We note that a 

depends only on a and not on the choice of x- Let a be the inflation to 
H'^ of a. We can extend a uniquely to a representation (which we will also 
denote by a) of H^Z^ in such a way that uj^{we) = x(— 1). (Here we are 
identifying Z° with E^ and Z° with E^.) 

Proposition 5.1. The base change lift of {p} is ind^°~Qcr. 

Proof. Let p^: be the base change lift of {p} and let p = ind^° a. According 
to [ini §11.4], is the Shintani lift of p so we can choose p*(e) so that 
^p*,e = 9p o J\f— . Choose 7 in such that the image 7 of 7 in is 
regular. It follows from that ^ ker A^^;^;,/^' and S° ^ {EE'Y . 
Furthermore, these isomorphisms can be chosen so that the map 

corresponds to the map {EE')^ kev N^e'/e' given by x 1-^ x/i{x). 
Since the latter is surjective even when restricted to O^^,, must map Sq 
onto S^. Thus, there exists 6 E S^niH^y-'"^ with J\f{6) = 7. By [IJ Lemma 
2.1], 7 is contained in a unique parahoric subgroup of H^, namely H'^. 
By [H Prop. 7.1], it follows that Op^j) = 0o-(7)- Therefore, 

(5.2.1) ep,,,{6) = 0,(7) = 0.(7) = ^,.(7) = -X(7) - X-\7), 

where the last equality is the Deligne-Lusztig character formula (see |451 
Thm. 6.8]). 

From [ini Prop. 11.4.1(c)], p^ is square integrable and is the base change 
lift of a unique square integrable representation. Hence by (iii) above, 
cannot be a twist of the Steinberg representation, and so it must be super- 
cuspidal. From Hvpothesis 11.51 /5* has depth zero, so it must therefore be of 
the form ind^°~Q fi*, where o"* is an extension to H^Z^ of the representation 

of H'^ inflated from a cuspidal representation cr* of H^. 
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Since /5* is e- invariant, it follows from [351 Thm. 5.2] that ^a^, and a^, 
are associate, and this easily implies that a* is e-invariant. Since is an 
irreducible cuspidal representation of H° = GL(2, k), it must be the case that 
a* arises via Deligne-Lusztig induction from a character ip of in general 
position with respect to the action of VF(S'^, H^). Since is e-invariant, we 
must have that ^(p is in the VF(S'^, H^)-orbit of ip. If ^(p 7^ cp, it is easy to see 
that (p has order dividing 2, hence is not in general position. Thus ^(p = ip. 
It follows that ip = ij; for some character ijj of in general position with 
respect to the action of W{S^ , H^). Let a* be the cuspidal representation of 
obtained via Deligne-Lusztig induction from ip. 

Extend /O* to a representation (also denoted p^,) of H^{e) such that for 
e-regular h S H^, we have 

ep,{he)=9p,,,{h). 
As a representation of H^{e), 

P*=md~„~„^^^a., 

where is extended compatibly from H^Z^ to H^Z^{e). This extension, 
in turn, determines an extension of a^, to H^(e). 

Note that 5 G Sq C H^. Furthermore, an argument in the proof of [U 
Prop. 5.5] shows that 5e lies in a unique conjugate of H^Z^{e) (namely, 
H^Z^{e) itself). Therefore, [U Prop. 7.1] implies that 

(5.2.2) ep^,s{s) = ep, (fe) = (fe) = (fe), 

where 5 is the image of 5 in H^. 

To compute 9^^{5e), consider the representation ^a^. Since ip factors 
through J\f, Ip is trivial on TP , and so a* has trivial central character. As 
in the case of (see ^4.2.2|) . e acts on via x — > x/ det(x). Therefore, 
for any h € H°, we have that ^/i/i"^ = 1/det h G Z°. Thus &^{^hh~^) is the 
identity so that ^ct* = ct*. (Note that before, we only had that "^fi* and cr* 
were equivalent.) In other words, a*(e) = ±id. This together with (j5.2.2p 
and the Deligne-Lusztig character formula imply that 6p^^^{5) = % {5e) is 
equal to 

(5.2.3) ± %,(5) = ±m) + = ±m) + ^p-'m, 

where w is the nontrivial element of iy(S'', H^). It follows that from ()5.2.ip 
and (f5X3]l that xil) + X~^{7) = ±(V'(7) + ^"Ht))- Letting 7 vary over all 
elements of with regular image in H^, parts dnj) and of Lemma 14.21 
then imply that ip = if 9 7^ 7 (and that the sign in (j5.2.3p must be -|-). 
Thus CT* is equivalent to a. 

Moreover, since ujp^ = u!p° N— , 
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It follows that the extensions of a and a* to H^Z^ are equivalent. The 
theorem follows. □ 

5.3. Depth-zero L-packets for U{2). The group = U{2){F) is com- 
pact, so its building has only one point: y. The corresponding parahoric 
subgroup has index two in H^. The quotient H^/Hy^ is isomorphic to the 
orthogonal group 0(2) (A;) defined with respect to the form (o -e) Here e is 
the image in k of the nonsquare unit e G . We may identify S0(2)(/c) 
with the group of norm-one elements of the quadratic extension of k. Fix 
an element h of 0(2)(A;) that does not belong to S0(2)(A;). Then conju- 
gation by h acts on S0(2)(/c) by inversion. This allows us to classify the 
representations of 0(2)(/c), and thus the depth-zero representations of H^, 
and to gather these latter representations into L-packets. Our L-packets are 
determined by characters of S0(2)(A;). Let x denote such a character. 

(1) Suppose that x / X^^- Then infl indgQ^^2')^^) X is irreducible, and 
forms a singleton L-packet H^. 

(2) Suppose that x is trivial. Then x extends to 0(2)(A;) in two ways, 
yielding a trivial character x+ ^ quadratic character x-- 
flating these extensions, we obtain two singleton L-packets for H^, 
which we will denote by 11^ and IlL, respectively. 

(3) Suppose that x is the nontrivial quadratic character of S0(2)(A;). 
Then again x extends to 0(2) (fc) in two ways. Inflating each char- 
acter to H^, we obtain an L-packet 11^ of size two. 

A. 

It is easy to see that for each L-packet above, the sum of the characters in 
an L-packet is stable. Moreover, our L-packets are minimal with respect to 
this property. 

5.4. Base change lifts for U{2) via a Jacquet-Langlands-like corre- 
spondence. Since H} is an inner form oi H^, we can obtain a base change 
lift if we can associate each depth-zero L-packet for to one for H^. This 
association will be similar to the Jacquet-Langlands correspondence (see 
[311181139]). That is, given a depth-zero L-packet 11^ for H^, we want to find 
a depth-zero L-packet II'^ for such that 

(5.4.1) = - E ^-(9o) 

for all regular gi £ and qq G whose stable conjugacy classes are 
associated in a natural way. 

Define a map JL from the depth-zero L-packets of H"^ to those of as 
follows. We let JL(n^,_) be the Steinberg representation of iJ", and we let 
JL(nL) be the twist of this representation by the depth-zero quadratic char- 
acter of . If X 7^ X~^) then JL(n^) is the supercuspidal representation 
of the form (I5.1B C-1) coming from the character x- If X is the nontriv- 
ial quadratic character, then JL(n^) is the L-packet consisting of the two 
representations of the form (I5.1B C-2). 
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Using Lemma 14. 2( it is not difficult to see that if g > 3 and (77^?, then 
JL is the only correspondence that satisfies (j5.4.ip for all gi G whose 
image in S0(2)(A;) is regular. Thus, if we assume that there is a Jacquet- 
Langlands-like correspondence from the depth-zero L-packets of to those 
of H^, then it must be JL. 

According to Conjecture 1 of [38], if it exists, then JL is related to the 
theta correspondence between and in the following way. Given an 
L-packet n for H^, some representation vr G H shows up in the theta corre- 
spondence, and G(7r) = JL(n). 

6. Description of depth-zero L-packets for ramified unitary 

GROUPS in three VARIABLES 

6.1. L-Packets consisting of principal series constituents. The fol- 
lowing proposition is due to Rogawski [40^ §12.2]. 

Proposition 6.1. The L-packets of G that consist entirely of principal se- 
ries constituents all have one of the following forms (where A and ip denote 
one- dimensional representations of M and G, respectively): 

Ii6.1\ -1) {indpA}, where indp A is irreducible; 

([O-5; {StG-V}; 

/i6. l\ -4) {-7ri(A), 7r2(A)}, where indp A is reducible of type (I4.4P S~3). 

<fO-5) {7r"(A)}, where ind^X is reducible of type (l43PS-2). The represen- 
tation '/r"(A) is contained in the A-packet n(A) = {7r"(A), 7r*(A)}, 
where tt'^{X) is a supercuspidal representation that sits inside an L- 
packet with the square-integrable principal series constituent ■k'^{X). 

In the depth-zero setting, the representation 7r'*(A) will be explicitly de- 
scribed in ^6.3i 

6.2. Supercuspidal L-packets. In order to compute the depth-zero su- 
percuspidal L-packets of G, we need two preliminary results. The first gives 
the values of the characters of depth-zero supercuspidal representations on 
"very regular" elements of certain elliptic tori. The second determines the 
sizes of such L-packets and asserts that they are all transfers via Hg of 
L-packets of H. 

Let S_ and S_' be the ramified quadratic tori defined in §4.3.21 Let 7 G S" be 
a regular element of G whose image 7 in S = S° x Z lies in S° and is regular in 
G°. Then [U Lemma 2.1] implies that 7 lies in a unique parahoric subgroup 
of G, namely Gz- By Proposition 14.11 there is an element g G G_{E) such 
that gSg~^ = S'. Set 7' = gjg~^. Then similarly, we have that 7' lies in a 
unique maximal compact subgroup of G, namely Gy. 

The next lemma concerns character values of supercuspidal representa- 
tions of depth zero. Recall that a regular character x of S° or (S')° together 
with a character u of Z gives rise to a supercuspidal representation of G as 
explained in §4.41 
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Lemma 6.2. Let tt be a supercuspidal representation of G of depth zero. 
Then, in the notation of %4-4\ 



Ui) 



Ui) 



'O ifiris of type (g^jSC-ij, 

- [x(7) + X-\l)] if vr IS of type (4^0-2), 
-m ifTTisoftypeg^C^S), 

' - [Xil) + X-Hl)] if vr is of type (J^C-l), 
if7Ttsoftypeg^C^2), 
if IT is of type (4^C-3). 

where (j) is the character of S° of order 2. 

Proof. By the discussion in §4.41 vr is compactly induced from a representa- 
tion a of Gt,, where v = y or z. Let 7* be either 7 or 7' and, correspondingly, 
let X be either z or y. Since 7* lies in Gx and no other parahoric subgroup, 
P Prop. 7.1] implies that 0^(7*) = 6'„(7*) if = x and 0^(7*) = other- 
wise. In the former case 6*0- (7*) = where 7* is the image of 7* in G°. 
In cases (|4.4B C-1) and (I4.4B C-2). the character of a is (up to a sign) the 
Deligne-Lusztig character of G° corresponding to X) and the result follows 
from the the character formula for such representations [45^ Thm. 6.8]. In 
case (I4.4B C-3). a is one of the two irreducible components of the Deligne- 
Lusztig representation of G° corresponding to (j), and the result follows from 
this character formula together with the fact that these two components 
take the same value on semisimple elements of G°. □ 

Lemma 6.3. Let p be a depth-zero supercuspidal representation of H such 
that {p} is an L -packet. Then the transfer 11 of {p} via He is a depth- 
zero supercuspidal L-packet of G of size two. Moreover, every depth-zero 
supercuspidal L-packet 11 arises in this way. 

Proof. The first statement follows from [40 1 §12.2] given our assumption on 
He in Hypothesis II. 5i 

Now suppose that 11 is a depth-zero supercuspidal L-packet of G. An im- 
mediate consequence of Lemma [6. 21 is that none of the depth- zero supercus- 
pidal characters are stable. Since the sum of the characters of the elements 
of a tempered L-packet is stable (see |40^ §12-13]), it follows that G has 
no depth-zero supercuspidal L-packets of size 1. According to [lOl §12.2, 
Lemmas 13.1.1 and 13.1.3] and Hypothesis 11.51 ^ non-singleton depth-zero 
supercuspidal L-packet H must be the transfer via He of a depth-zero su- 
percuspidal L-packet R of the endoscopic group H. From [40l §12.1], we 
have that the L-packet R has size 1 or 2. But if were 2, then R would 
be the transfer via "Eh of a (depth-zero) W{G, i?)-regular character ip of C . 
Moreover, since H is supercuspidal would have to be W{G, G)-regular. 
But since W{G,G) acts on C = x x by permuting coordinates 
transitively, and since since C = {±1}^, C has no VF(C, G)-regular charac- 
ters of depth-zero. Hence \R\ must be 1 and |n| = 2 = 2 by [40 1 Lemma 
13.1.2]. □ 



DEPTH-ZERO BASE CHANGE FOR RAMIFIED {/(2, 1) 



23 



Using the results of §5.11 and [40. §12.1], we see that the singleton su- 
percuspidal depth-zero L-packets of H are those of the form {p}, where 
p = ip, is a supercuspidal of of type (j5.1B C~l). and is a 

depth-zero character of Z. 

We now determine the depth-zero supercuspidal L-packets of G. In the 
following, we will view the restriction of Q to E'^ as a character of Z; hence Q, 
is a character of Z. Also, for any character of Z, will denote the inflation 
of u to Z. Now fix a characer u of Z, and let x be a character of of order 
greater than 2. Note that S° = S*^, so we may view x as a character of S°. 
By identifying S with S' via conjugation by the element g G G_{E) from the 
beginning of this section, we may also view x as a character of (S')°. (This 
character of (S')° depends on the choice of g, but its Weyl group orbit is 
uniquely determined by x- The following representations constructed from 
X depend only on this orbit.) We fix an identification of with l^, where 
l/k is a quadratic extension. This determines identifications of S° and (S')° 
with l^. 

li X = y (resp. \i x = z), let = t^x{Xi ^) be the supercuspidal represen- 
tation of G of the form (j4.4B C-l) (resp. (|4.4B C-2)) associated to x and v. 
That is, — iiid^abG(2:) i'^^(p'x®i'\ where Ox is the cuspidal Deligne-Lusztig 
representation of G° obtained from x- Let p = p{x, v) = iiid^abnCz) ^' ^^^^^ 
r is defined as follows. Let f be the Deligne-Lusztig cuspidal representation 
of H° associated to x'P (0 the character of of order 2), and define r to be 
the infiation to stabniz) of the representation f ® vVl of = H° x Z. 

Proposition 6.4. The singleton {p{x-, i^)} is a depth-zero supercuspidal L- 
packet of H . The image o/{p(x5^)} undergo is the depth-zero supercus- 
pidal L-packet {7ry{x,i^),TTz{Xi^)} ofG. Moreover, every depth- zero super- 
cuspidal L -packet of G is of this form. 

Proof. By Lemma [Q] and the subsequent discussion, {p} is an L-packet of 
H whose transfer via H^ is a supercuspidal L-packet 11 = {tti, 7r2} of size 2, 
and all such L-packets arise in this way. Therefore, to prove the proposition, 
it suffices to show that 11 = {'Ky.,-Kz}- 

From Hypothesis [T31 11 has depth zero. As discussed in ^4.41 vTj (i = 1, 2) 
is associated to a cuspidal representation ai of G°. {xi = y or z) and a 
character of Z. To determine Vi, note that the central character w^. of 
vTj is equal to z?j, while ujp = uQ. By [lOl Prop. 4.9.1], a;,ri must satisfy 
Wttj = i^tOp = ilJ/fi = P. Thus Vi = v. 

We now determine the ct,. By j40l Lemma 12.7.2], up to re-ordering, 

qG a Q 

^ p "^vri '^■K2 1 

where 8^ is the distribution on G coming from 9p via the transfer He. Let 
7 be an element of whose image 7 in is a regular element of S*^. Let 
7' = 91 be as in Lemma 16. 2^ and let S be the element of 'Dg{S_/F) 
represented by the cocycle s 1— > s{g)g~^, s G Gal{E/F). Let xo = x4'- 
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A result analogous to Lemma [6.21 shows that ^p(7) = — Xo(7) — Xo (t)- 
Moreover, due to the particular form of 7 and the fact (see [40], Prop. 3.7.1]) 
that WFiS,H) = Wf{S,G), it follows from [iQl §4.9, Lemma 12.5.1] that 

0p{l) = n(7)^p(7), O'^ij') = n(7)K(5)e,(7), 

where k is the element of the dual of T>g{S_/F) corresponding to the endo- 
scopic group and 

n(7) = ^{-NEE,jE{-i~^ - 1)) = ^{-Nij^{T^ - 1)) = n(-iV,/fc(7 - 1)). 

(In this formula, we are identifying 7^5'^ (resp. 7 G S'^) with the element 
of hsi{NFE' /e) (resp. l^) to which it corresponds.) 

Note that ^(7) G {il}- Moreover, as 7 ranges over all elements of 
with regular image in G^, 7 ranges over all of \ {±1}, and an elementary 
argument shows that n(7) = Q.[—Nijj^{'^ — 1)) must assume both the values 
1 and — 1 if q > 5. We also note that 5 is not in the image of 'Dh_{S_, F), and 
consequently, we have k{6) = —1 by |401 §4.10, Lemma 3.13]. Thus we have 
(6.2.1) 

On^h)-0.,{j) = e^{j)= n(7)^^(7) = -n(7)(xo(7) + XoH7)) , 
0.,W) - e.,{i) = ^^(7') = -n{l)d,{^) = n(7) (xo(7) + Xo '(7)) • 

Assume that both vTj are of the form ()4.4B C-1). Then it follows from 
Lemma [62] that 6'^, (7) =0. By Lemma [32]ji|) , this contradicts ([6XT]) if 
(7 > 3. A similar argument with 7' replacing 7 shows that at least one of 
the representations tTj must be of the form (|4.4B C-1). Hence precisely one 
of the TTj, say tTj, is of this form, and the the other, say tTj/, is of the form 
^MG~2) or (OBC-3). 

We then have Xj = y, and as above, aj is associated to a character Xj of 
gO ^ (S')° of order greater than 2. By Lemma l6.2[ 6^^., vanishes at 7' and 
by (|6.2.ip we have 

± (x,(7) - Xj\l)) = - e^-Al') = nil) ixoil) + XoHl)) ■ 

By Lemma [4.2l|iv|) . this implies that Xj = X^^^P = X^^ if q > 7. Thus 
(jj = ay. Since lyj = v, we have vrj = iTy. 

Since xj = y, it must be the case that xj' = z. An argument similar to 
that in the preceding paragraph using both parts ([iv|) and (jvj) of Lemma [4.21 
shows that iTj/ must be of the form (j4.4B C-2). and that if aj' is associated 
to the character Xj' of = S°, then Xj' = X^^- It follows that aji = (t^, 
and hence that tTj/ = vr^. □ 

6.3. Non-supercuspidal L-packets containing supercuspidals. It re- 
mains to determine the depth-zero L-packets of G of the form {7r*(A), 7r^(A)}, 
i.e., the non-supercuspidal depth-zero L-packets containing a supercuspidal 
representation. In this case, A is a depth-zero character of M such that the 
restriction of the character Ai of to is uje/f\ " 1^^ (see (I4.4P S~2) 

I -j 

and (|6.H -5)). In other words, Ai = ry] • j^. for some character rj of E^ 
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satisfying r]\py = uje/f- Recall from Proposition 16. II that the discrete series 
representation vr^(A) is a constituent of the principal series representation 
vr = ind^ A, the only other constituent being a non-tempered representation, 
denoted 7r"(A), which is paired with '/r*(A) in an ^-packet. 

The representation '7r^(A) must be of the form ()4.4B C-3). as those of 
the form ()4.4B C-1) and ()4.4B C-2) are precisely the representations that lie 
in depth-zero supercuspidal L-packets by Proposition 16.41 There are four 
equivalence classes of representations of the form ()4.4B C-3) since there are 
two equivalence classes of cuspidal representations of G° of degree {q — l)/2, 
and two characters of Z = {±1}. This agrees with our determination in §4.41 
that there are four different representations of the form vr^(A) (resp. 7r"(A)). 

In the following proposition, we determine vr'^(A) in terms of the repre- 
sentation 7r"(A). 

Proposition 6.5. Let X he a depth-zero character of M such that Aijj^x = 
I l±i 

(i) As a representation of G°, 7r"(A)*^^+ is equivalent to an irreducible 
component •& of the reducible principal series representation indg^ X; 
where x is the character of M° of order 2. 
(a) The representation 7r^(A) is supercuspidal of the form In 
particular, vr'^(A) = \i\d^^^^^(^^-^m.?i.{a ® v), where v is the character 

'^i|{±i}^2 o/Z, and a is the unique irreducible cuspidal representation 
o/G° whose character agrees with —6^ on the set of nontrivial unipotent 
elements in G°. 

Note that, as one would expect, 7r*(A) is independent of the power of | • |f 
occurring in Ai. 

Proof. As explained in the preceding discussion, vr* = 7r*(A) must be super- 
cuspidal of the form (f44B C-3). That is, 7r''(A) = ind^g^^^^^) infl(a- v) for 
some cuspidal representation a of G° of degree {q — l)/2 and some character 

of Z. Our task is to determine a and v in terms of tt" = 7r"'(A). 

From [40 1 Thm. 13.1.1, Prop. 13.1.2], the distribution characters of tt'^ 
and vr" satisfy 

(6.3.1) 6t^s = 0^ — ^vr") 

where is a certain character of H associated to A and 9*^ is the trans- 
fer of via H^. The same equation holds for the functions on C'^^ that 
represent these distributions. Since 6^ transforms via a character under 
Z |40l Lemma 12.5.1], it follows that vr'^ and vr" have the same central char- 
acter. But cJtt" = Ai|£;iA2, while lOt^s is the inflation of v to Z. Hence 

^ = '^l|{±l}^2- 

Let 7 G G2 be a regular elliptic element of G whose image in G° is regular. 
By [1, Lemma 2.1], the only conjugate of stabG(^;) that contains 7 is stabG(^;) 
itself. It follows from [U Prop. 7.1] that 0-,^s{j) = O^ij), where 7 is the image 
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of 7 in G°. We now determine a by evaluating the right-hand side of ()6.3.ip 
at appropriate regular elliptic elements of G. 

Let T be a torus of type (|4.3l -3) associated to the ramified cubic extension 
F{^/wf)/F for some cube root ^wp of vop in F. As indicated in ^4.3.31 
we may choose T so that Tq C Gjt, where J- is the fundamental alcove in 
B{G_, F). By Lemma the image of Tq in G° (x = y or z) is the unipotent 
radical of B^;, whence Tq has trivial image in Gjr. Choose 7 G Tq with 
nontrivial image in G^. 

First note that ^^'(7) vanishes since the stable conjugacy class of 7 does 
not meet H . Indeed, H_ has no maximal F-tori of type (14.31 -3). We now 
compute the value of 9T^n{^)^ thus determining the value of the right-hand 
side of (16.3. ip at 7. 

According to [42 ^ Lemma in.4.10, Thm. 4.16], we have that 

(6.3.2) 0^.(7) = - Tr + Tr + Tr (7|(vr")^^+) . 

We now compute each term of this alternating sum. 

Since vr^ and vr" are the constituents of a principal series representation, 
[35 ] implies that, as representations of G^ = M°, their spaces of GjF+-fixed 
vectors are nontrivial sums of one-dimensional characters. As in the proof 
of [H Prop. 4.4], we can use Mackey theory and Frobenius reciprocity to see 
that 

HomG^^(l,indgA) = C, 

B\G/Gr+ 

SO that \B\G/Gjr-\.\ is the dimension of the space of GjF+-fixed vectors in 
inds A. Since y is special, we have that G = GyB. Therefore, \B\G/Gj:j^\ = 
\{B nGy)\Gy/Gjr+\ = \ By\Gy/By \ = 2, by the Bruhat decomposition. Thus 
the space of GjF+-fixed vectors in ind^ A is two dimensional, so (7r^)'-'^+ and 
(7r")*^-^+ are both one dimensional. In particular, since the image of 7 in 
G^r is trivial, we have 

(6.3.3) trace(7|(7r")'^-^+) = L 

An argument contained in the proof of [I5 Prop. 4.4] shows that the rep- 
resentation 7r'^«+ of Gy/Gy^ = G° is equivalent to indgj| Ai. Since Xi = f] 
is the character of M of order 2, it follows from §4.21 that the latter rep- 
resentation decomposes as 4> (B Stcg •</>, where (p is the character of G° of 
order 2. As in the proof of [1, Prop. 4.4], it follows that (7r")'^J'+ = (j), while 
(7i-2)Ga+ ^ g^^^ particular, since the image 7 of 7 in Gy is unipotent, 

(6.3.4) TV (7|(vr")^«+) = (t>{^) = 1. 

As in the case of Gy, the representation 7r'-'^+ of G° is equivalent to 
indg^ Ai. Since Ai has order 2, it follows from §4.21 that the latter rep- 
resentation decomposes as © ■!?', where and ■!?' are the two inequivalent 
irreducible representations of G° of degree {q + l)/2. Again, (7r")^^+ must 
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be equivalent to one of these representations, say i?. This proves (i). In 
particular, we have 

(6.3.5) Tr(7|(^"f^+)=0^(7), 
where 7 is the image of 7 in G°. 

Therefore, by (fHM . (^2M, (HZH), and (f6X5]l . we have 

Hence ()6.3.ip implies that 

This completes the proof of (ii). □ 

Since Proposition 16.51 determines the relationship between vr* and vr", 
hence between vr'* and vr^, it is sufficient for the verification of this case of 
Theorem 11.41 in ^ In particular, we do not need to know precisely how 
these representations depend on the character A. For completeness, we pro- 
vide such a description anyway in the following result, which determines 
and hence a explicitly in terms of the inducing character A. It is enough to 
compute the values of ■(? and a on any nontrivial unipotent element of G°, as 
these values uniquely determine these representations (see [23l §5.2]). The 
proof involves a careful analysis of intertwining operators on the represen- 
tations vr = ind^ A of G and indg^ f/ of G°. 

It follows from the discussion in ^4.21 that the group G° may be explicitly 
realized as the group of matrices of the form 

a b\ 

1 e G° = GL{2,k) X GL(1,A;) 
c dj 

such that det (° ^) =1. Moreover, is identified with the group of lower- 
triangular matrices in G° in this realization. Choose an element 7 of the 
cubic torus T from the proof of the preceding proposition such that 7 = 

fS?nGB.cG°. 
Vl 1/ ^ 

Proposition 6.6. Let X be a depth-zero character of M such that Ai = 
r/l • l^^^"^ , where r]\px = uje/f- Then the representation 1} = 7r"'(A)*^"'+ 0/ G° 
satisfies 6*^(7) = (1 — r]{2wE)q^^'^)/'2. Thus the cuspidal representation a of 
G° from Proposition 1 6. 5\( ii) satisfies ^^(7) = ( — 1 + r/(2-cu£;)g^/^)/2. 

7. Explicit base change for ramified unitary groups in three 

variables 

7.1. L-packets consisting of principal series constituents. The follow- 
ing proposition gives the base change lifts of the principal series L-packets of 
G. Recall that H_ is an F-Levi subgroup of P_. Note that there is a natural 
isomorphism H_ — > H_ x Z_. In particular, H = GL(2, E) x GL(1, E), and 
in the statement of the proposition, we identify these groups. 
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Proposition 7.1. Let X be a character of M and let A denote the char- 
acter of M lifted from X. Let Ai and X2 be the characters of and , 
respectively, associated to X. Let X2 be the character X2 o AA^'^-'^^l^x of E^ . 

(i) //ind^ A is irreducible and ind ~ A is irreducible, then the base change 

lift of the L-packet {ind^ A} is ind~ A. 

(a) //ind^A is irreducible 6ui ind~ A is reducible, then Ai|^x = | |^"^, and 
the base change lift of {ind^ A} is the constituent 

ind|((AiA2|-||^/^odet~o)®A: 

o/indfA. 

(Hi) If Xi = I 1^^, then the lift of the L-packet consisting of the one- 
dimensional constituent ip = X2 o detc (respectively, the constituent 
Stc-ip) 0/ ind^ A is the one- dimensional constituent ijj = X2 ° detg 

(respectively, the constituent Stg-0j o/ind~A. 
(iv) If Ail^x is trivial and Ai is nontrivial, then the lift of the L-packet 
{7ri(A),^2(A)} ismd|A. 

Proof. The statement and proof of this proposition are identical to those 
of P Prop. 4.1]. □ 

7.2. Supercuspidal L-packets. Let p be an irreducible admissible repre- 
sentation of H = X Z. Suppose p factors as ip for some irreducible 
admissible representations of and of Z. The group = x _Z 
may also be factored as H = x J, where J^Z = [7(1, E/F) is the F- 

subgroup of consisting of matrices of the form ^0*0^ . The factorization 

of p with respect to the latter decomposition of H (denoted by the symbol 
O') is 

p° 0' ^L0-o\ 

where we view ■0 and UpO as representations of J via the obvious isomorphism 
of J with Z. An analogous result holds for H when one converts between 
the decompositions II_ x Z_ and H_ x J_ol H_, where J is the F-subgroup of 

10 1' 



H consisting of matrices of the form (0*0). We will again use the notation 
— Vi 1/ 

®' to denote factorization with respect to the second decomposition. 

We now recall the labile base change lifting for the groups and H 
(see |4m §11.4,12.1]). If p^ is an element of a singleton L-packet, let p^ 
denote the (stable) base change lift of p^ to . The labile base change lift 
p^ is defined to be fP ■ {U.o det^^o). Similarly, the labile base change lift of 

the irreducible representation p 0' ip oi H = x J is defined to be the 
representation p^ ■ (Qo det ~o) 0' ip of x J. Here, as usual, ip denotes the 

character of the torus J lifted from ip. 
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We will need the following lemma to determine the base change lift of a 
supercuspidal L-packet of G. For the remainder of this section, det will be 
understood to mean det~o. 

H 

Lemma 7.2. Let p = ip be an irreducible admissible representation of 
H = X Z. If {p^} is an L-packet of H^, then the labile base change lift 
p' of p is 

p° -{Qo det) 4)^^. 

Proof. By the preceding discussion, we may factor p as p'^ ®' ipuJ~Q with 
respect to the decomposition H = x J. Then p' is equal to 

pP ■ {Qo det) (g)' TpLO^o^. 
Thus, with respect to the decomposition H = x Z, p' factors as 
p° • (17 o det) ® ^w^o^WpO.(Qodct)- 

But 

where, on the we right side, we view as a character of Z = . The result 
follows. □ 

We now consider a supercuspidal L-packet of G. Fix a character of Z and 
a character x of S° of order greater than 2. We recall the notation of ^6.2[ 
As in ^4.41 x c^nd determine a cuspidal representation ax of G^, where x is 
either y or z. Similarly, as in the discussion before Proposition 16.41 x^P 
i^Cl determine a cuspidal representation f of H^, where (f) is the character of 

of order 2. Let 

= indg^bc P = ind^^bff (z) ^> 

where ax and r are the inflations of ax and f , respectively. Then by Propo- 
sition [631 the L-packet 11 = {7ry,7r^} is the transfer via Hg of {p} from H. 
Note that we can express p as the representation p^ (8) d^l (relative to the 
decomposition H = x Z), where p^ is the representation of of the 
form (j5.1B C-l) coming from the cuspidal Deligne-Lusztig representation a 
of associated to x'P- 

Proposition 7.3. The base change lift of the L-packet U = {TTy,Trz} is the 
representation ind^ ^p*^ • (17 o det) z?^ , where p^ is the base change lift of 
to H^. 

It is readily checked that the equivalence class of fP ■ {Qo det), and hence 
that of ind~ (^p^ ■ ($7 o det) 01?^, is independent of the choice of 17. 

Proof. Since 11 is the endoscopic transfer of p, \40\ Prop. 13.2.2(c)] implies 
that the base change lift of 11 is ind~(p'), where p' is the labile base change 
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lift of p. It follows from Lemma 17.21 that the labile base change lift of 
p = t'il is 

/5° • (fiodet) (^Pnn'^. 

Now as a character of , 17 is the map a ^ ^{a/ i{a)). Since ^\px = loe/Fi 
it follows that for any a G E'^,flVL^{a) = fl~^VL^{a) = VL{NEjp{a)) = 1. This 
proves the proposition. □ 

7.3. Non-supercuspidal L-packets containing supercuspidals. 

Proposition 7.4. Let X be a character of M of depth zero such that \i\px = 
^e/f\ ■ \f^- 

(i) The base change lift of the L-packet {7r^(A), 7r*(A)} is 

indf (St^ • ((A1A2I • ll'/' o det~o) A2)) . 

(a) The base change lift of the A-packet {7r"(A), 7r'^(A)} is 

indf ((AiA2|-||'/'odet^o)®A2). 

Moreover, the above two base change lifts are precisely the irreducible con- 
stituents of the principal series representation ind~ A. 

Note that the proposition has the same content if we restrict the choice 
of exponent in the hypothesis to be +1 (or to be —1). 

Proof. Identical to the proof of [1, Prop. 4.2]. □ 

8. Compatibility of base change and minimal ^C-types 

8.1. Principal series L-packets. As in ^7.11 suppose 11 consists entirely of 
constituents of the depth-zero principal series representation indg A. Since 
each element of 11 has depth zero, ind^ A and hence A have depth zero 
by [36| Theorem 5.2]. It follows from [36j that (GjF,inflA) is a minimal 
K-type contained in each element of 11, where we have identified M° with 
Gjr/Gj^j^. Similarly, (Gjr,infl A) is a minimal X-type of each constituent of 
TT = ind ~ A (see Proposition 17. ip . where is identified with M. But 

the image of A under the e- lifting from J\/[° to J\/[ of is A. Thus the Main 
Theorem holds in this case. 

8.2. Supercuspidal L-packets. Recalling the notation of ' ^1.2\ suppose 
that n is the supercuspidal L-packet {'Ky{x,v).,T^z{x-,^)}- For x = y or z, 
TTx contains the minimal -fC-type {Gx^cFx), where ct^ is the cuspidal Deligne- 
Lusztig representation of G^^ associated to the character x of S*^ = S° = (S')°. 

By Proposition [731 the base change lift vr of 11 is ind^ (^pp ■ (J7 o det) , 
where p^ is the supercuspidal representation of coming from the cuspidal 



DEPTH-ZERO BASE CHANGE FOR RAMIFIED {/(2, 1) 31 

Deligne-Lusztig representation a of H*^ associated to X't'- Therefore, by 
Proposition I5.H • o det) is the representation 

ind|o~o ext infl(i?gf ;^)) • o det) 



indg~„ (ext infl(i?gf • o det) ) . 



s 

Here the notation "infl" denotes the inflation from to H'^, and "ext" 
denotes the unique extension of the given representation of H*^ to H'^Z such 
that the element of Z corresponding to we acts via (x0)(— !)• Now 

ext infl (iip(x</')) • {ft o det) = ext' infl (i?^o"(x0) • ° det)^ 

where "ext"' denotes the extension such that we acts via (x<A)(~l)^(^l;) = 
(x0)(— l)f^(— 1) = — x(— !)• Since the restriction of det to S is quadratic, 
the latter representation is equivalent to ext' infl (i?ro^ (x)) • Thus p'^ • (17 o 



det) (g) z? is equivalent to 



ind|,~(ext'infl(i2g?x) ®^?)- 



s 

Since D is trivial on the maximal compact subgroup Zq of Z, the represen- 
tation 

of H'^Z can be expressed as an extension to H^Z of the representation 



H ~ 
ext' infl (iZzJx) ® 



infl(i?^o"x) ® = mfli?|^(x ® Iz)- 

Since tt is parabolically induced from the representation ■ {Q o det) z^, 
which contains 

F„infl(i?|^(x0l2))), 
and since = H^, we have from |36l Thm. 6.11] that tt contains the ET-type 

(8.2.1) (G„infl(i?|^(x®lz 

But (x (g) l^) is the e-hft of az since the character x ® of S is the 

e-lift of the character x of S. 

We now consider the vertex y. Note that 

R~: {x ® iz) = ind^:, {Rf' (x ® iz)) > 
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where S' = gSg ^ is the stable conjugate of S fixing y (see I4.3.2]) . z' = g ■ z, 
and Pz' is the image of Gz' in G^. Now vf must contain the minimal i^-type 

(G,,,infl(i?|^' (x^lz))), 

since it is an associate of (j8.2.ip . An application of Frobenius reciprocity 
then shows that vf must also contain 

(G„infl(i?|-(x0lz))), 
and RzJ' (x CS' 1) is the e-lift of ay. 

8.3. Non-supercuspidal L-packets containing supercuspidals. Now 

suppose n is an L-packet of the form {7r^(A), 7r*(A)} or an j4-packet of 
the form {7r"'(A), 7r'^(A)} for some A € Hom(M, C^) of depth zero (see case 
()4.4P S-2) and ^6.ip . In either case, let tt denote the base change lift of 11. 
Both 7r^(A) and vr"(A) are constituents of the principal series representa- 
tion ind§ A. It follows from [36] that ind^ A has depth zero and that, for 
any x ^ (Gx,inflA) is a minimal i^-type for both '/r^(A) and 7r"(A). By 

Proposition 17.41 vf is a constituent of the principal series ind~ A. Therefore, 

as in ^8.1\ (G^jinflA) is a minimal K-type for vf. The Main Theorem now 
follows for 7r^(A) and vr"(A) exactly as it did in 18.11 

It remains to consider '/r'^(A) (both as an element of {7r*(A), 7r^(A)} and as 
one of {7r^(A), 7r"(A)}). As shown in Proposition [631 "^^W is a supercuspidal 
representation of the form (j4.4B C-3). Therefore, vr'^(A) contains a minimal 
K-type of the form (G2,infl(cj v), where a is a cuspidal representation of 
G° of degree {q — l)/2 and v is a character of Z. Therefore, {Gz, 'iyiiia) is a 
minimal i^-type of vr'^(A). 

Now cj is a subrepresentation of R^Scp, where (f) is the nontrivial quadratic 
character of S°. Hence cr is a member of the rational series of representations 
of G° attached to (j) (see ^3.2|) . The image of this rational series under the e- 
lifting is the rational series of representations of Gz attached to the character 
of S. Since (j) is the nontrivial quadratic character of S, it extends to 
Gz, and it is easily seen that the latter series consists of the representations 
r/ and Stg • f]. 

Since the base change lift of the L- or j4-packet 11 is an irreducible con- 
stituent of ind~ A, we have (as in the proof of Proposition 16. 5p 

(indf A)''^^-ind|X, 

so tt'^^"'" is a subrepresentation of ind-"" A. 

Since Ai|^x = uje/f\ ' If^j one readily computes that the character A of 
M is equal to (?) o det) (8) 1, where the factorization is with respect to the 
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decomposition M = x Z. Thus 

ind|^ X ^ ?? e (St^^ ■ f/) . 

Hence vr contains a representation in the e-lift of the rational series contain- 
ing a. 
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